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A SIMPLE PRESENTATION FOR
THE MAPPING CLASS GROUP
OF AN ORIENTABLE SURFACE

BY
BRONISLAW WAINRYB

ABSTRACT

Let F,, be an orientable compact surface of genus n with k boundary
components. For a suitable choice of 2n + 1 simple closed curves on F,, the
corresponding Dehn twists generate both M, , and M, ,. A complete system of
relations is determined for these generators and the presentations of M, , and
M, , obtained in this way are much simpler than the known presentations.

1. Introduction

Let F,. be an orientable surface of genus n with k boundary components.
The mapping class group M,. of F,, is the group of isotopy classes of
orientation preserving self-diffeomorphisms of F, . which are the identity on the
boundary. The goal of this paper is to find simple presentations for M, , and M, ..
These groups are generated by Dehn twists ([5]). Lickorish proved in [9] that
3n —1 such twists are enough. Recently Humphries proved that 2n + 1 twists
with respect to curves ay, 81, " *, @, B., 8 (Fig. 1) generate M,, and M., ([8]).
This is the minimal possible number of twist generators. The first presentation
for M., was obtained by Birman and Hilden in [3], who completed a program
begun by Bergau and Mennicke in [1]. A presentation for the general case was
obtained by Hatcher and Thurston in [7]. Their presentation is rather compli-
cated and requires very many generators and relations. It was slightly simplified
by Harer in [6]. Using their results we shall obtain a presentation with
Humphries generators.

THEOREM 1. The mapping class group M, admits a presentation with
generators a, by, -+, a.,b,,d and relations
(A) aib.»a,- =b,~a,-b,—, a,—+1b,-a,-+1=b,~a,~+1b,-, bzdbz': dbzd, every other pair Of
generators commutes.
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(B) (alblaz)4 = d(bzazb1a1a1b1a2b2)—1db2a2b1a1a1b1a2b2~
(C) dtzdt;]t1fzd(a1aza311t2)71 = (ublazbzaj,b?,)_l v ublazbza3b3 where tHh=
b1ala2b1, t, = bzaza3b2, u= a3b3tzd(a3b3t2)7l, V= alblazbzd(a1b1a2b2)_l.

Elements a;, b;, d in Theorem 1 can be interpreted as Dehn twists with respect
to curves a;, B, & (Fig. 1).

THEOREM 2. The mapping class group M,, admits a presentation with
generators ay, by, -, a.,b,,d and relations (A), (B), (C) and the following
relation (D).

(D) d. commutes with b,a, - - - b,a,a,b, - - - a.b. where

d, = (s ) s Uy,
U = ba;1bi1v;i (biviGisbia;)”! fori=1,---,n—1,
vi=d, v =t toi(tt)? fori=2,---,n~1,
L = baai. b fori=1,---,n—1.

Element d, in relation (D) represents a Dehn twist with respect to curve &,
(Fig. 5).

ReMark. For n = 1 there is only one relation (A) in the presentations of the
mapping class groups. For n =2 we can omit relation (C). A Birman-Hilden
presentation of M, contains relations (A), (D) and two more, (a,b,a,b.d)° =1
and (db.a,b,a,a,b1a-b.d)’ = 1, which can be replaced by relation (B). For n >2
relation (C) does not follow from (A) and (B). If we write the relations in the
form R =1 then relations (A) and (D) have degree 0, relation (B) has degree 10,
and relation (C) has degree 1.

The author is grateful to Professor Joan Birman for helpful conversations and
encouragement.

2. Notation and definitions

We shall often refer to Fig. 1 which represents a surface F,; = F. We shall not
distinguish between isotopic simple closed curves on F, also called circles. If we
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cut F along o; (Fig. 1) we get a surface with two new boundary components, the
upper component is y; and the lower component is y,.,,—;. We denote by §;,
1=i<j=2n,acircle on Fi(Ua) which grabs circles v and v; from the back
and connects them in front (Fig. 1}. Sometimes we call v a hole in F\(Ua;).
When we say that a circle y on F contains holes v, - -, ¥, , we mean that y does
not meet (Ua,) and it separates F\(Ua:) into two components, one of which
contains exactly the holes v;,- -, v, and does not contain the boundary JF. In
particular §; contains vy, and ;.

DEerFiNITION.  Let y be a circle on F and let N be a neighbourhood of y
homeomorphic to a standard annulus in R®> with its usual orientation. Let
h : F— F be a homeomorphism, such that h is the identity outside N and inside
N the concentric circles rotate counterclockwise while the rotation’s angle
increases from 0 to 27 going inwards. Any homeomorphism isotopic to h will be
called a Dehn Twist along vy and will be denoted also by v, and its inverse will be
denoted by ¥.

We shall denote the mapping class group of F by G'. Composition of
homeomorphisms in G’ will be written from left to right. If u € G’ and v is a
circle on F then the image of y by u 1s denoted (y)u = y'. The Dehn twist along
v’ equals iéyu, where by & we denote the inverse of u in G'. Since we denote
Dehn twist by the same letter as the corresponding circle we shall often write
(y)u instead of dyu. More generally we shall write (v)u = Gou for any two
elements u, v € G'. If a bracket is separated from the next expression by a dot
then it should be composed with the next expression in the usual way,
(v)- u = vu. The same notation will be used in groups G and M which appear in
sections 4 and 5.

In the above notation a relation aba = bab is equivalent to (a)b =(b)d. In
particular the relations in (A) can be written in the form (a)b, = (b)a;,
(ais1)b: = (b:)a; .

3. A presentation of M,; by Hatcher and Thurston

Hatcher and Thurston found a presentation of M, in [7]. They did not carry
out their computations till the end. The main theorems in their paper are clearly
true for any surface with boundary. In particular a presentation of M,; can be
obtained from their results. This was done by Harer who obtained an explicit
presentation after some simplifications. We want to use his results with slightly
different generators so we shall repeat part of the argument.
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A cut system on F is an isotopy class of a collection {C}, - - -, C,} of disjoint
circles on F, such that F\(UG) is a sphere with holes. If we replace some circle
C: by C} which intersects C; transversally at one point and misses other C,’s, we
get a new cut system which is obtained from the old one by a simple move,
(CG)—(C?). We suppress circles which don’t change. Let X, be a graph with one
vertex for each cut system on F and one edge between every pair of vertices
connected by a simple move. X is obtained from X by attaching a 2-cell to each
cycle of simple moves of one of the following types:

(L3) (G)— (€)= (C)—(G) (triangle)

(L4 (G, G)=(Ci, G)— (€1, €)= (G, €)= (G, G) (square)

(L3) (G, G)—= (G, C)—(CL, €)= (C, CD— (G, CH— (G, G) (pentagon)
where we assume that all the simple moves are possible. Then X is connected
and simply connected.

Let us fix the cut system C ={ay, - -, a,}. Leta;, 8, fori =1,-- -, n and §;; for
1=i <j =2n be Dehn twists with respect to curves of the same name on Fig. 1.
The mapping class group G' is generated by a;’s, 8;’s, 0 = @.Bettn, & = Battntnfn,
and 7 = BiwaiBi for i =1,--- n —1. Here 7. permutes circles a; and a1, &
reverses the orientation of a, and o permutes «, and B, (a simple move). We
shall consider first certain subgroups of G' and their presentations (Harer).

Hj; is the subgroup of elements of G' which leave circles a; fixed. It is
generated by «;’s and §;’s and admits a presentation with relations

(i)a. o; commutes with o; for all i, j.

(i)b. a;, commutes with §; for all i, j, k.

(). (8;)8u=8; fori<j<k<lori<k<l<j,

(8,;)8x = (8;)8; for i <j <k,
(840884 = (8u )8y for i <j <k,
(8)8,8:8,84 = (8a)8; for i <j<k <l

H' is the subgroup of elements of G’ which leave the cut system {a;,- - -, .}
invariant. It is generated by Hg and ¢ and 7, -+, 7,-:. H' is defined by the
following exact sequences:

1->H)»H —>=+3, 51, 1->(ZR2Zy—=*53,->3,—1

where 0(£)E(Z/2Z)" and 6(m) is the transposition (i,i + 1) in the symmetric
group 3,,. Therefore H' is defined by relations (i) and

(ida. (Te)T = (7)Tar, (7)7; =7 for i —j|>1,

(i)b. ;€ H, for all i,

(i)ce. £ € H,,
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(). [(E)taaiTa2 7, (€)TuiTuz - - 7] € Hy for i <,

(ie. [7,(E)TwiTua -~ |]EHyfor i#j, i#j—1,

(i)a. (a;)¢é € Hy,

(ii)b. (a;)7; € Hy for all i, j,

(iii)c. (8;)¢ € Hy for all i, j,

(i)d. (8;)7 € Hy for all i, j, k,
where the corresponding elements of Hy can be explicitly computed.

The group G'is generated by H' and o. All relations involving o come from I
and II below and from cycles of simple moves of type (L3), (L4), (LS). Hatcher
and Thurston prove that the following relations suffice for the presentation of G’
(together with (i)-(iii)).

I. o commutes with H'(a,,8.) where H'(a.,B.) is the subgroup of the

elements of H' which keep a, and B, invariant.

I. o’€H'.

III. choho € H' whenever there is a circle vy on F and a map h € H', such

that vy intersects @, and B, at one point each and misses other «;’s and
(y)oh = B., (B.)oh = a,., (a,)oh =+. All “triangle” relations follow
from these.
IV. o commutes with hoh where h € H' takes the circle 8 on Fig. 4 onto 8,.
All “square” relations follow from this.

V. ochioh,oh;oh,o € H whenever there is a circle y on F and hy, h,, hs, h, €
H', such that vy intersects a,_, and B, at one point each and misses 8, _,
and other «;’s and (B,-1)oh, = B., (y)oh,ch, = B., (a,)ohchoh; = 8.,
and (a,-1)oh,ch,ch.oh,= B,. All “pentagon” relations follow from
these.

In order to write explicit relations we have to find generators for H'(a,, B.),
and to find elements of H' corresponding to possible choices of y’s. Harer
proves in [6] that in relations (IIT) four choices of vy suffice and we shall see that
in (V) one choice of y suffices.

The group H'(a., B,) is generated by a subgroup Hy(a.,, 8,) which leaves 3,
and all a;’s fixed and by elements which permute «;’s for i <n and reverse
orientations of all a;’s. Maps 7, i <n —1, permute a;’s. o’ reverses the
orientations of «, and B.. (0%)8,-1.T.—1 reverses the orientation of a,-,. Let us
cut F along B, and all a;’s. We get one big hole @ = @, U 8, and small holes ¥,
l=i=n—-1lor n+2=i=2n Hya.,B.) is generated by twists around holes
and twists with respect to a standard set of loops which contain two holes each.
o’ is a twist around «. a,._, together with its conjugates by 7.’s provide other
twists around holes, with suitable identifications. Loops not containing « are
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obtained from 8,_:.+2 and 8.-1.+2 by conjugation by the above described
elements of H'(a.,, B.). Dehn twist around loop vy (Fig. 2), which contains holes

Fig. 2.

Yo+1 @Nd @, €QUALS 8,1 Supnez Bnsin+z - @i+ @%. Other standard loops contain-
ing a are obtained by conjugation. Therefore, H'(a., B.) is generated by

2 2 =
An-15T1y " " "y Tn-2, 0 (0 )an—l,n‘rn—ly 6n—2,n+2, an—l'n+2
" = _ -2
- (0- )8n—1,n7n—l) 6nm+l : 6n.n+2 ‘ 6n+l'n+2 2 S Q.

Therefore relation I produces

(iv) o commutes with the following elements of H': a,_1, 71, *, Ta—2, Sn-zin+2,
(O'-Z)Sn—l,nfn—l, 5n,n+1 *Onn+2"’ 5n+1,n+2 *@pr1” &i-
Relation II produces

(v) ’€H".

LemMMA (Harer). Letuscut Falonga,,- -+, a.—. In the relation 111 it is enough
to consider only such a loop v on F\{a,,- - -, a,_;} which starts at the intersection
point of a,, and B.., surrounds 0, 1 or 2 holes v:, comes back to the initial point, then
goes once along B, and once along o, and comes back to the initial point. There are
four cases up to the action of H'.

By the lemma of Harer we have to consider only four cases, and for each case
we have to find an element h € H' which satisfies the conditions in (III).

Case a. vy does not surround any hole (Fig. 3a). h = a,.

Case b. <y surrounds one hole vy,; (Fig. 3b). h =8._1,.

31-—1 // 3;:—2 Bn -1 /

Fig. 3a. Fig. 3b.
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Case c. vy surrounds two holes vy, and +v,.,, corresponding to the same
circle a._; (Fig. 3c).

= =2 =
h - 8n*1,n+2 ‘ 8n,n+2 * Sn‘l,n ¢ ARSI ¢ P

Case d. vy surrounds two holes v._, and y._;, corresponding to different
circles a,_. and a,_, (Fig. 3d).

h = 8n—2.n—1 : 6n—2.n * 8n—l.n : a-n-Z : &"..1 ) &ru

Therefore the “triangle” relations produce
(vi) ohoho € H' for each of the following choices of h: h = a,, h = 8,_1.,,

— =2 =
h - 6n—1.n+2 : 8n,n+2 : an—l,n CQp—y " Oy,
h = 8n~2,n-—1 ‘ 8n‘2,n * 6n*l,n ) (in—2 ¢ &n—l : &n-

In the relation (IV) we can choose h =8, * 7.1 - @, and get

(vii) o commutes with hoh for h =8, 1, Tuy* Q.

Finally we have relation (V) which corresponds to a cycle of simple moves of a
form

(w1, 0n) = (@n1, Bn)_) (Bn-1s Bn)—> (ﬁn—h 7)—') (atn, ‘Y)_) (atn, an—l)'

Consider curves 8 and vy’ on Fig. 4. The curve 8 intersects y and vy’ at one point
each. Therefore we have the following diagram of simple moves.

(an—l’ an) — (an*h Bn) — (Bﬂ—h Bn)
(an’ 'Y) — (Bn—h 7)

l

(@, B) < (B:-1,B)

/ \

(C{,,, 'Y,) — (Bﬂ'b ‘Yl)

The side quadrangles move only one circle of a cut system and they can be



164 B. WAIJNRYB Isr. J. Math.

replaced by sums of triangles (of type L3). We have also two squares of type
(L4). In view of (vi) and (vii) we can replace the small pentagon by the big
pentagon in which vy is replaced by a fixed circle y'. We can choose h, = 7,_i,
h,=h; = h,= 1,_, - a, which satisfy the condition of relation (V). This gives the
last relation

(viii) och,ch.ochsohyo € H' where hy=17,_, h,=hs=hs=7._ " .
The elements of H' corresponding to relations (iv)-(viii) can be explicitly
computed.

The mapping class group G’ admits a presentation with generators «;, 8;, 7, &
o and relations (i)}-(viii).

4. Proof of Theorem 1

Let G denote a group with generators a;, b, i =1,---,n and d and with
relations (A), (B), and (C). Let ¢ : G— G’ be an epimorphism defined by
Y(a;) = a;, Y(b:)) = B;, ¥(d) = 8. We want to prove that ¢ is an isomorphism. We
shall construct an inverse map ¢ : G'— G.

Define ¢ on the generators of G’ as follows:

¢(£) = x = bua.a.b.,
¢(o0)=s = a.b.a,,
()= a fori=1,---,n,
&(n) =t = baiai.b; fori=1,---,n—1,
& (8;) = d; where

dii=(d)t_2;3"'{j—1{1{2"‘ti—l iftj=n,
d; = (d.'n)f;n—lt_n-z' “ boneieg ifi<n<j<2n+1-i,
d; =(di-1,n)ft_n71t_w2' ©r t—2n+lv;‘ fi=n<Zn+1-i<j,

d; = (dn,n+2)ft_n—zt—n—3 T t_2n+1—jtn—1 g ifR< i,

d; = (s4)dn'l,nt_n—1dn—2,n-l t_n—Z cee di,i+1t_i ifi+tj=2n+ 1.
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The map ¢ extends to a homomorphism if the relations (i}~(viii) are mapped
by ¢ onto true relations in G. If it is true then we can check that y¢ = Ids .
Moreover ¢ is onto because a; = d(a;), d = $(5:2), b. = a.sa,, and b, =
(bis1)tbisra:1 by (A), hence b; belongs to ¢(G') by induction downwards.

Therefore in order to prove Theorem 1 it is enough to show that the relations
(i)-(viii) are satisfied in G.

We shall establish many relations in G from which the relations (i)(vii)
follow. Relations in (A) which do not contain d define a standard braid group.
Relations in (A) which contain d and six other generators define a generalized
braid group ([4]). For these groups the word problem has a simple solution
therefore proofs based on these relations will usually be omitted. We shall
denote by H, the subgroup of G generated by a;’s and d;;'s and we shall denote
by H the subgroup of G generated by H,, x, and #’s.

(1) a; commutes with g; for all i and j, by (A).

() (@)t = G, (@)t = a;, (@)x = a; for all i,
(a)t = a, for k#i, k#i+1, by (A).

(3) (ax)d; = ax for all i, j, k, by (A), (2), and definitions.

(4) Ll = Ll fori = 1, R — 1,
t, commutes with  for |i —j|>1, by (A).

(5) xt,;x commutes with ¢,_;, by (A).

DeFNITION. ¢ = (d)bsasb,a,a,b,a:b,.

(6) (aib.a,)' = de = tiaia3, by (A) and (B).

(7) e commutes with d, a,, b, a,, and with a;, b, for i > 2, by (A) and (6).
(8) (b)e = (e)bs, by (A).

PROOF.
(d)(b2a2b1a1a1b1a2bz)2 = (e)b2a2b1a1a1b1a2b2
= ((E)bzazblalalbla2b2) . (a1b1az)4 = (E) . (a1b1a3)4 = d, by (6) and (A)

(10) (di,i+1)t_i+1;i = (di,i+1)ti+1ti = d.'+1,i+2 for i = 1, N 2.
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Proor. Fori=1
(d)tztitst, = (€)bra,b1a,a3b,a,b,b,1a,1a,b1b,a.a3b,
= (e)asb,a;b.a:a,b.a,b,d; = d, by (A), (7) and (9).
Let u =8, tialats s -~ itz -+ 4. Then by (A) and (4)
(Au=di, (d3)u=disrie, (tJu=1, (LJu =t
Hence the conjugation by u takes the above relation onto (10). ]
(11) e = dzn—124-

PrROOF. Let u=1tt;---t,_tity--+t,. By the definitions we have
(dzn_]‘z,,)u = (d,._l,n).f;,.-lx— aﬂd by (10) (d,.—1,n) = (d)u.
By (A) and (4) we have (a,)d = ay, (b._1)@ = by, (a.-)0 = ay,

(bn )a = (bn )d,,l;,,_lc—l,,_l LA 5352 = (bz)a3b3 e bn‘

Moreover
Xt,_1X = bya,b,1Gn-1Gn-1b, 1 a1,
hence
ukt, % = t,b,a, - - - b,a,b,a,a,b,a:h.azb;- - - a.b,
Therefore
dan-12n = (d)b,@:0,83,3,b:3:b2a5b; - - - a.b, =€, by (7),(9). O

DEFINITION.  €; = dzn+1-j2n+1-i-

We introduce the above notation in order to simplify indices. There are some
obvious relations between e;’s and #,’s. In particular, by an argument similar to
the proof of (10), we can show the following:

(12) (ei«l.i)titi—l = (ei—l,i)t—it_i~1 = €ii+1 fori = 2, R — 1.
(13) t,2 = d.~,,~+le,<,.-+ld,?d,?+1 for i = 1, AR 1.

ProoF. The relation is true for i =1, by (6).
Let u = [ 23 CRRIRN 71 07 PRl IR Then, by (4), (10) and (12),
(du=ds, (@)u=a, (@)u=a., (eu=en, (HLu=t,

and relation (13) follows from (6). |
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(14) Fori <n,if |k —i|=1then (b« )d;is: = (dii+1)bi, and if |k — i # 1 then b,
commutes with d;;.,. The relations are also true if we replace d;;+1 by
€ii+1-

Proor. The relations follow from (A), (7), (8), by induction on i.

(15) b; commutes with d;-, tid:-1;, hence & too.
b._, commutes with d:-y:ti—.d;-,;, hence t,._, too.
b, commutes with d,.-,.xd.-1., hence x too.
The relations are also true if we replace di_.; by ei;.

ProoF. The relations follow from (A) and (14).
(16) b, commutes with d,—1.n+2.
PROOF.
Gnotnv2 = Gntnta 18 L1l
= a3 1Gn1nbplubnr@sibl 0% buaibuda . by (A)and (3).
Relation (16) follows from (A) and (14). ]

DerNITION. We shall say that 1, permutes circles y; and v, counterclockwise
and permutes circles v,_; and ¥,,.1-; counterclockwise, d;;.t, permutes y; and i+,
clockwise and permutes 7y;,—; and v,..1-; counterclockwise, x permutes vy, and
Ya+1 counterclockwise. The inverses permute in the opposite directions.

DEFINITION. A conjugation of d; by x, &, or di«.1c is proper if it takes v,
onto ;. clockwise or onto v;_, counterclockwise or does not move it and it takes
v; onto v;., clockwise or onto vy, counterclockwise or does not move it.

(17) A proper conjugation by # or by x takes d; onto some d,.

ProOF. If i+j#2n+1 then (17) is true by (4), (5), and the definitions.
Assume [ +j =2n + 1. Then b, commutes with the factors of d;;, by (A), (14) and
(16), hence x also does. It remains to consider a conjugation by #. If k =i or
k =i—1 then the conjugation is not proper. If k <i -1 then obviously #
commutes with d;. We have to prove that the same is true for k > i and by (14)
we may assume that i =k —1.

dk‘l,j = (dk+1.j—2)t_kdk,k+l t—k~1dk—1.k = (dk+1,j—2) t_kt—k—x t—kdk—l,ktkdk-l,k,
by (10). Now b, commutes with di; by (15), (14) and (A). O

(18) d; commutes with di .. if all indices are distinct.
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Proofr. If k =n then dix+ = aix® and (18) follows from (17). If k# n we
have to consider two cases.

Case 1: i+j#2n+1. We can conjugate both elements by consecutive
products of a form tt,., or t,t,,,. For a suitable choice of positive and negative
powers the conjugation is proper for d; and eventually dyx., becomes d or e.
Further proper conjugation by a suitable product of x’s and t,’s, p# 2, leads to
one of the following pairs:

(@): (d,e),

(b): (d, e.15) (which is equivalent by conjugation to (e, d,;) and (e, d,4)),

(c): (e, ds4) (equivalent to (d, e;+) by conjugation by £t t:1,).

The first pair commutes by (7). The second pair commutes by (A) and the
definitions. The last case requires a use of relation (C). Conjugate relation (C) by
tst,. Then the left hand side becomes d,sd;.ds.d:d@.d.. The right hand side
becomes (v)ub,dsbsash,. Now (v)d.bsasb.=(d)t:b\a, =(d,s)b,a, commutes
with e by (b). (u)a.bsa;b, = (d)t:t:a:b, = (d)t.t; = d, . commutes with e by (b).
(b))asbsasb, = b,. Therefore all factors in the new relation commute with e, with
the exception of d;,. Hence d;, also commutes with e.

Case 2:i+j=2n+1.1f k <i-1or k>j then, by Case 1, dix.; commutes
with d,,.; for i =p <n. Therefore we may assume i =n and dy,.; commutes
with d, ... by (14). If i <k <j —1 we can conjugate dx., properly by a suitable
product of x’s and t,’s, p > i, and we arrive at k =j —2. Now conjugate by
w =dybtindiii. (d)W =diis;s. dixr commutes with dii. by Case 1.
(dxw+i)titicy = d;—1; commutes with di.; ;.. by Case 1, and commutes with di.y;
by the first part of Case 2. O

(19) A proper conjugation by dix.it« takes d; onto some d,,.

Proor. If i +j=2n +1 then either we get diij—1 Or di—y;«1, by the defini-
tions, or d; commutes with dy .., and &, by (17) and (18). If i +j#2n +1 then
either d; commutes with di,., and t by (17) and (18), or conjugation by f, is
proper and d; commutes with di..i, Or conjugation by & is proper and d;
commutes with e,y .1, While fidixs1 = Lk 10 2@ 2410 by (13). O

CoroLLARY 1. Consider a map f of a set of k distinct d;;’s onto another set of k
distinct d;’s. It also defines a map of a set of 2k indices onto another set of 2k
indices. The map f can be realized by a product of proper conjugations if it
preserves the order of indices and two indices sum up to 2n + 1 if and only if their
images do.
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Proor. Every proper conjugation gives a map as in the corollary, by (17) and
(19). Different elementary maps are described in the definition after relation
(16). Corollary 1 follows. O

(20) d; commutes with dy if i <j<k <l ori<k<l<j

Proor. By Corollary I we may assume ! =k +1 or j =i+ 1. Then (20)
follows from (18). O

(21) (dy)du = (dy)du if i <j<k.

Proor. By Corollary 1 we have to consider the following 4 cases depending
on the indices which sum up to 2n + 1. (i, j, k) may be equal to:

Case 1: (1,2,3), 3=n. (d)ds = (d)1,Ldt:t, = (d) t.dt,t, = (d)t3t,, by (15).
(d)d, 5= (d)tdt: = (d)t:t, = (d)to 1,1, 1, = (d)to1,1, 1, = (d)t3t,, by (15), (10) (4).

Case 2: (n - 1’ n,n + 1) (dn—l,n )d_n,n+1 = (d,,_lvn)fz = (dnflvn)anfl,nf =
(dn-1.0)dn-1.n41, bY (15).

Case 3: (mn+1,n+2). (dui)usinez=0a% (X8 1. =ak (x7)en 1,X =
as - (x)xe, 15X = (dnns1)dnnsz, by (15).

Case 4: (n—1,n,n+2).
(dn-10) 2 = (Bumron Y X1 F T
S R I 7 N
= (dum1.0)% 11X 10l
= (dno1n )X o1 nlas
=(dn-12)dn-10+2» by (15). O
(22) (du)dyds = (di)dy if | <j <k

PROOF. By (21) gik‘iijdik = dikgfijik’ henCC (22) 18 equiValent to d,'k(iij&jkd,'jd,‘k =
d,'kd,'k ik or (d,‘k )d.‘,‘ = (djk )dik~
We have again 4 cases as in the proof of (21).

Case 1:(d»3)d = (d-s)d,s. When we conjugate by ¢, 1. we get (d)d,, = (d)d..
This is Case 1 of (21).

Case 2: (dn,n+1)dnf1.n = afl(xz)xgn——l.nf = (dn,n+1)an71.n+17 by (15)
Case 3: (dn+l,n+2)dn,n+1 = (en—l,n )x2 = (en—l,n )x_é.n—l.nx = (dn+1,n+2)‘—in,n+2, by (15)
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Case 4: (dn,n+2)dn—1,n - (dn—l.n )-ft_n—ldn—l,n = (dn—l,n )-fd_n-'l,nx_fdn—l,nt_"_l =

(dnn+2)dn-1.042, by (15). -
(23) (du )‘Z’j‘iildiidﬂ = (da )J], ifi<j<k<l

PrOOF. By (22) didudydy = dudydudy, hence (23) is equivalent to: dy com-
mutes with did,d,. By (21) this is equivalent to: dy commutes with (d;)dw =
(di)di = u. It is also equivalent to: d; commutes with (di )di = v. By Corollary
1 we have to consider 7 cases depending on the indices which sum up to 2n +1.
(i, J, k, 1) may be equal to:

Case 1:(1,2,3,4), 4= n. Conjugate by t,. (d,3)t, =d.

(u)tz = (d2,4)32,3t2 = (d2,3)t_3d_2_3t2 = (d2_3)t3t2 = d3,4, by (15) and (10) d3,4 commutes
with d, by (20).

Case 2: (n,n +1,n+2,n+3). Conjugate by t,_s. (dun+2)lnr2= dynss.
(@)t = (dus1ns3)ns1nr2ln2 = durinea,

by (15). d,.+; commutes with d,.1 .42, by (20).

Case 3: (n —1,n,n +2,n +3). Conjugate by t._s. (dun+3)tazz = dppsa.

(0)n-2 = (du-1.0+2)n 124302 = (Bn-1ns2)n 201 Tn2 = G —2n03,

by (13). d.—2..+3 commutes with d,,.., by (20).

Case 4:(n —2,n+1,n+2,n +3). Conjugate by tu_,. (du-zn+2)la—1 = Gn_2.n+1.

(U)tas = (dus1,n+3)Bns2nr3tn—1 = (€n-2n-1)ln-1€n—2,n-1ln-1 = €n—2,n1 = Bns2,n+3,

by (15). d,—>,,+1 commutes with d..>..3, by (20).

Case 5: (n —1,n,n+1,m). Conjugate by x. (dn—t,n+1)X = dn_1.n.

U)x = (dum)ns1mX = (Ans1,m)Xn11.mX = Qusim

because, by (A), (14) and the definitions, (b,)dn+1.m = (dps1.m)bn. dnsrm COM-
mutes with d,_.., by (20).

Case 6: (n~2,n—1,n,n +2). Conjugate by t,-1. (du-2n)ln-1=dn-2n-1.
(u)tn—l = (dn—l,n+2)gn—l,ntn'l = dn,n+1-

d, ... commutes with d._,._,, by (20).
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Case 7: (n —2,n —1,n,n +1). Conjugate by %. (d._2.)X = drzns1.
(u)'f = (dn—l,n+1)dn,n+1x- = (dn—l,n+l)x = dn—l,n-
d._1,, commutes with d,. ..+, by (20). 0

We have already established that relations (i) are satisfied in G. Therefore the
map ¢ described at the beginning of this section extends to an isomorphism of
Hjonto H,. It follows that it is enough to prove relations (ii)-(iii) in their present
form without an explicit knowledge of the corresponding elements of Ha.

(4) x*=d,,.a* € H,.
(25) (d;)x € Ho, (d;)t € H,, for all i, j, k.

Proor. Either conjugation by x or by X is proper. Either conjugation by &
or by i or by tdii+1 01 by fidys1 is proper. Relation (25) follows from (24), (13),
17), (19).

(26) [(xX)tastaz "~ ti, (X Yacstuz * - ] € H, for i <j.

ProoF. By (2) and (25) we may conjugate the relation by
U= Gl bbb Lo,
We get to Xty XtoiXtaeiX = tiyxt2 X € Hy, by (5) and (25).
(27) t commutes with (x)t,it.—,- - 4, for i#j, i#j—1, by (A) and (4).

We have established by now that the relations (i)-(iil) are satisfied in G.
Therefore the map ¢ extends to an isomorphism of H’' onto H. It follows that it
is enough to prove relations (iv)-(viii) in their present form without an explicit
knowledge of the corresponding elements of H'.

(28) a. and b. commute with the following elements of H : ¢, ', t,_2, dn-1,
dn—2,n+2, (sz)dn—l,ntn—ly dn,n+l n‘n+2dn+l,n+2dn—la-%t-

PROOF.  dy-3.042 = (dn-20-1) t._1%t,-, commutes with b,, by (A) and (14).
(5))dn-1ntn1 = dn-1.4Dn@ubn 1G5 _1bs_1G,bads_1 a5, commutes with b, by (14).
Apn 18 p+28n 11,0428 21 = XA 15410 42X 11042001
commutes with b,, by (15) and (A). All other relations follow from (A) and (3). O
(29) s>=aix EH.

(30) shshs € H for each of the following choices of h:h =a,, h =d, 1.,
h = dn—l,n+2 n,n+2' n—l,na—i—ldn, h = dn-Z,n—ldn—2,ndn—-1.ndn—2a-n—la_n-
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Proor. It is enough to prove that (b,)h = (h)b, and (a.)h = a., because
then shshs = a,xhxa, € H. The relations are true for h = a, and for h =d,_, ...
Consider the third h. d._i... commutes with b,, by (16). d..iz = (€s-1)x =
(dn-1n )X lacr.

(b)) = (ba)Xey-1,nXdn 1,200 = (€n-1.n)Drllnd 1
= A1 n@body 140205 1 -1DaGnd 1,
by (A), (14), (13).
(h)by = buty 1Ay 1@ x A sty 1 X1 Kl 1@ nll o1,
= Buln—1@ 2 X0 —1.:Xn 1 nln-1Gnba,

by (15). The equality (b,)h = (h)b, follows from (A) and (14).
Consider now the last h. Let

W=ty atoat tilaaln s bboibeas < B3bad, - - - baas.

Then h, = (h)w = dd,;d»3a:a.4,, (b, )w = b; and we have to prove that (b;)h, =
(h)bs. By relation (C) hy =(d)b,a,b,d,ub,a,b,asbs, where u = (d)t:b:a;. It
follows from (A) that (b;)h, = (hy)bs. O

(31) s commutes with hsh, where h = d,_ \ta_1a5.

PROOF- hSE = Jn*l.nai*lbn-lanbna_nl;n—ldrr—l,n = afmAld-n—l.nl;ndnbn—lanbndn-‘l,n-
Therefore a, and b, commute with hsh, by (A) and (14). O

(32) st,-1s(t,ma.8) € H.
PROOF.  st,_;s(t,.1a.5) = a;-1a5x(t,-1x ), by (A). a

It follows from (28)~(32) that relations (iv)-(viii) are satisfied in G, hence ¢
can be extended to an isomorphism of the mapping class group G' = M, ; onto
the group G. This concludes the proof of Theorem 1.

5. Proof of Theorem 2

We shall consider now a mapping class group M = M,,, of a closed surface F,,.
We shall keep the notation from the previous sections. In particular G is the
mapping class group of a surface F,; with one boundary component. It follows
from [2], theorem 4.3, and from [6], section 4, that there exist two exact
sequences

1— 7y(Fao, p) > Ay 25> M —> 1
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and

1 Z-Ls G, 1.

Here A, is the group of isotopy classes of orientation preserving diffeomorph-
isms of F,, which fix a base point p, and f, is defined by capping dF,, with a disc,
which contains p, and extending each map over the disc by the identity.

We have to find the kernel of the composition f.f.. The kernel of f, is
generated by the Dehn twist @ with respect to the boundary F, ;. It follows from
[2] that the kernel of f.f, is generated by w and by “‘spin”” maps 85’ where & and
8’ are nonseparating simple closed curves separated only by the “hole” bounded
by dF, ;. Clearly all spin maps are conjugate in the group G. Let us choose a pair
8., £, on Fig. 5. Then M admits a presentation with relations (A), (B), (C) and
relations 8, = ¢,, w = 1. Moreover §, represents in G the element d, from
relation (D) and ¢, = (8,)b.a, - - - bia,a.b, - - a.b, in G.

Ns AN

8 1 10, \
. e e -~ 1
~ J {

£; Oy Bt /
/

Vd

Fig. 5.

@,

Let M’ denote the quotient of G by the relation 8, = &,. In order to prove
Theorem 2 it suffices to show that w =1 in M".

We observe that in G, © =(ab," - ab.d. "%, (d.)b. =(b.)d,., and d.
commutes with all other b;’s and a;’s. Also

(albl Tt an)Zn = 8n8n’ (albl cte a"_1)2n*2 = 8n~18n—1 and (anbndn)“ = Sn—16n+1-
The map 8,1, is a spin map, hence trivial in M'. Therefore in M’
(a1b1 e a")Zn = di and (alb, et a,.-l)z"_z = (a,.b,.d,.)“.

We shall abbreviate the product babi_: - - - bra:a1b: - - - bisa:b; by b; - - - bi. Then
by relations (A) and by the new relations in M’ we have

w = (a1b1 et bnd")2n+2 = (albl e an)2" * (bn et bn) * (dnbn e bndn)’
(aiby--- an)zn = (albl vt an—1)2"_2 “(bucy- bn-l) (b1 bn—lan)~

Therefore
anbn—l ot bn—lan = di(bn—l ter bn—l)~1 * (dnbnan )—4
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and
® = dibud¥(ba-1** * boos) ' - @b, (3,5, ) - budb, - - - bod,.

Since in M’, d.b, - - - b,d, commutes with d, and with all a;’s and b;’s we have
w = drzlbudfnanbndn (a-nb_njn )3 Oy = 1
This concludes the proof of Theorem 2.
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